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1 Introduction 

Modern differential geometry plays an important a role to explain the dynamics of Lagrangians. 
So, if Q is an m-dimensional configuration manifold and L : TQ — > R is a regular Lagrangian 
function, then it is well-known that there is a unique vector field £ on TQ such that dynamics 
equations is given by 

= dE L (1) 

where $£ indicates the symplectic form. The triple (TQ, £) is called Lagrangian system on 
the tangent bundle TQ . 

Also, modern differential geometry provides a good framework in which develop the dy- 
namics of Hamiltonians. Therefore, if Q is an m-dimensional configuration manifold and 
H : T*Q — > R is a regular Hamiltonian function, then there is a unique vector field X on 
T*Q such that dynamic equations are given by 

i x <$> = rfH (2) 

where <£> indicates the symplectic form. The triple (T*Q,$>,X) is called Hamiltonian system 
on the cotangent bundle T*Q. 

Nowadays, there are many studies about Lagrangian and Hamiltonian dynamics, mechanics, 
formalisms, systems and equations [TJ [21 [3j HJ El [6] and there in. There are real, complex, 
paracomplex and other analogues. As we know it is possible to produce different analogous in 
different spaces. 

Quaternions were invented by Sir William Rowan Hamiltonian as an extension to the com- 
plex numbers. Hamiltonian's defining relation is most succinctly written as: 

i 2 = j 2 = k 2 = ijk = — 1 
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If it is compared to the calculus of vectors, quaternions have slipped into the realm of obscurity. 
They do however still find use in the computation of rotations. A lot of physical laws in classical, 
relativistic, and quantum mechanics can be written pleasantly by means of quaternions. Some 
physicists hope they will find deeper understanding of the universe by restating basic principles 
in terms of quaternion algebra [7] . 

The algebra B of split quaternions is a four-dimensional real vector space with basis 
{1, i,s,t} given by 

i 2 = —1, s 2 = 1 = t 2 , is = t = —si. 

This carries a natural indefinite inner product given by < p, q >= Repq, where p = x + iy + 
su + tv has p = x — iy — su — tv. We have ||p|| 2 = x 2 + y 2 — s 2 — t 2 , so a metric of signature 
(2,2). This norm is multiplicative, \\pq\\ 2 = \\p\\ 2 \\q\\ 2 , but the presence of elements of length 
zero means that B contains zero divisors. The fundamental structures l,i,s,t are not the only 
split quaternions with square ±1. Using the multiplication rules for B, one can calculate 

p 2 = —1 if and only if p = iy + su + tv, y 2 — s 2 — t 2 = 1, 

p 2 = +1 if and only if p = iy + su + tv, y 2 — s 2 — t 2 = — 1 or p = ±1. 

The right S-module B n =R 4n inherits the inner product < £,rj >= Re£ '' of signature 

j 1 

(2ri,2n). The automorphism group of (B n , (-, ■)) is Sp{n, B) = {A e M n (B) : A A = 1} which 
is a Lie group isomorphic to Sp{2n,R), the symmetries of a symplectic vector space (R 2n ,u). 
Especially, Sp{l, B)=SL{2, R) is the pseudo-sphere of B = R 2,2 . The Lie algebra of Sp(n,B) 
is sp{n,B) = {A e M n (B) : A + A T = 0}, so sp(l,B) = ImB. The group Sp{n,B) x Sp{l,B) 
acts on B n via 
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(A,p).£ = A£p. 



(3) 



For detail see jH] • 

It is well-known that quaternions are useful for representing rotations in both quantum and 
classical mechanics. Therefore, in the present paper, we present equations related to Lagrangian 
and Hamiltonian mechanical systems on para-quaternionic Kahler manifold. 

Throughout this paper, all mathematical objects and mappings are assumed to be smooth, 
i.e. infinitely differentiable and Einstein convention of summarizing is adopted. J-(M), x(M) 
and A l (M) denote the set of functions on M, the set of vector fields on M and the set of 
1-forms on M, respectively. 

2 Para-Quaternionic Kahler Manifolds 

Here, we recall hypersymplectic manifolds and para-quaternionic Kahler manifolds given in [8]. 
Let m = An, identify f? 4n with B n and consider G = Sp(n,B) C GL(4n, R). An Sp(n,B)- 
structure Spb(M) on M defines a metric g of signature (2n,2n) by g(u(v),u(w)) =< v,w >. 
The right action of i, s and t on B n define endomorphisms 
F, G and H of TxM satisfying 



F 2 



I, G 2 



H 2 = J, FG = H 



GF, 



(4) 



and the compatibility equations, for X, Y 6 T X M 



g(FX,FY) = g(X,Y), g(GX, GY) 



g{X,Y)=g(HX,HY), 



(5) 
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where I denotes the identity tensor of type (1,1) in M, and g is Riemann metric. Using (j3J), 
we obtain three 2-forms uf,ojg and ojh given by 

u F (X,Y)=g{FX,Y), uj g (X,Y) = g(GX,Y), lu h {X, Y) — g(HX, Y). 

The manifold M is said to be hypersymplectic if the 2-forms u)f,u>g and uh are all closed: 

du)F = 0, due = and duiH = 0. 

Now we think of the larger structure group Sp(n, B)Sp(l, B) acting on B n = R An via 
(j3J). Again we have metric of neutral signature (2n, 2n), but now we can not distinguish the 
endomorphisms F, G and H . Instead we have a bundle Q of endomorphisms of TM that 
locally admits a basis {F, G, H} satisfying (SJ) and (0). {F,G,H} is called a canonical local 
basis of the bundle V in any coordinate neighborhood U of M. Then V is called a para- 
quaternionic structure in M . The pair (M, V) denotes a para-quaternionic manifold with V. A 
para-quaternionic manifold M is of dimension m = 4n (n ^ 1).A para-quaternionic structure V" 
with such a Riemannian metric g is called a para-quaternionic metric structure. A manifold M 
with a para-quaternionic metric structure {g, V} is called a para-quaternionic metric manifold. 
The triple (M, g,V) denotes a para-quaternion metric manifold. If n > 1, we say that M is 
para-quaternionic Kahler if its holonomy lies in Sp(n, B)Sp(l, B). 

Let {xi, x n+ i, X2n+i, X3n+i} , i = 1, ti be a real coordinate system on a neighborhood [/ of 
M, and let < » a , 75-^ — , 75-^ — ^ and dx n+i , dx 2n +i, dx 3n+i \ be natural bases over i? 
of the tangent space T(M) and the cotangent space T*(M) of M, respectively. Taking into 
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consideration 01]), then we can obtain the expressions as follows: 

F( — ) = , F( ) = , F( ) = , F(- 



dXi dx n -\-i dXn+i dXi dX2n+i dx^n+i dx^n+i dX2n+i 

d d d d d d d d 



dXi dX2n+i 9x n +i dX3 n +i 8x2n+i dXi dx^n+i 9x n +i 

A canonical local basis{F*, G* , H*} of V* of the cotangent space T*(M) of manifold M 
satisfies the condition as follows: 

F* 2 = -I, G* 2 = H* 2 = I, F*G* = H* = —G*F*, (6) 

defining by 

F*[dxi) = dx n+ i, F* (dx n+ i) = — dxi, F* (dx2 n +i) — dx^ n+ i, F* (dx3 n+ i) = —dx2 n +i-> 

G*{dXi) = dX2n+i, G*(dx n+ i) = —dX3 n+ i, G* (dX2n+i) — dxi, G* (dX3 n+ i) = —dx n+ i, 

H {dxi) = dx^n+i, H {dxn+i) = dx2n+i, H {dx2n+i) = dx n +i, H (dx^n+i) = dX{. 



3 Lagrangian Mechanical Systems 

Here, we obtain Euler-Lagrange equations for quantum and classical mechanics by means of a 
canonical local basis {F, G, H} of V on para-quaternionic Kahler manifold (M, g, V). 

Firstly, let F take a local basis element on the para-quaternionic Kahler manifold (M, g, V), 
and {xi,x n+ i,X2n+i,x 3n+i } be its coordinate functions. Let semispray be the vector field X 
determined by 



where X 1 =Xi,X n+l =x n+i ,X 2n+t =x 2n+i , X 3n+l =x 3n+i and the dot indicates the derivative 
with respect to time t. The vector field defined by 

V F = F(X) = X 1 -^- X n+i ^- + X 2n+l —^- x 3n+i —^— 



d%n+i 9Xi dx^n+i 9x 2n +i 

is named Liouville vector field on the para-quaternionic Kahler manifold (M,g,V). The maps 

i -2 -2 -2 -2 

given by T, P : M — > R such that T = ^TOj(xj + x n+i + i 2 ri+i + ^3n+i)i ^ = m »<7^ are sa id to 
be the kinetic energy and the potential energy of the system, respectively. Here m^, g and h stand 
for mass of a mechanical system having m particles, the gravity acceleration and distance to the 
origin of a mechanical system on the para-quaternionic Kahler manifold (M, g, V), respectively. 
Then L : M — > R is a map that satisfies the conditions; i) L = T — P is a Lagrangian function, 
ii) the function determined by E[ = Vf(L) — L, is energy function. 
The function ip induced by F and denoted by 

r 

i F u>(X 1 ,X 2 , ...,X r ) = y^q;(X 1; ...,X r ), 

i=i 

is called vertical derivation, where u; G A r M, Xj e x(M). The vertical differentiation dp is 
given by 

dp = [iF,d] = i F d — dip 

where d is the usual exterior derivation. For F , the closed para-quaternionic Kahler form is 
the closed 2-form given by = —dd F L such that 

d F = dXj - —dx n+i + rfx 2n+ i - d 3n+i : F(M) — >■ A M. 

0%n+i OXi OX^n+i OX 2n +i 
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Then we have 

®l = - dx%x n+i dx j A dXi + ih-'h ' 1 - 1 '! A dx n+i - 777-7777— '/-''j A dx 2n +i 
+ dxfdx 2n +i^ X i ^ dx ?jn+i — dXn ®. dXn+ .dx n+ j A dxi + dx ® +jdx .dx n+ j A c/x n+i 

~ dx n +jdx 3n+l dXn +j A rf;E 2n+i + fe n+ ^at 2n+l rfx ™+i A dx^n+i ~ 9x2 f +j d Xn+l dx 2n+j A dx { 
+ dx2n+jdxi dX2n+j A Gfe n+ j - dx2n +.g X3n+ .dx 2 n+j A tfa 2 n+i + dx 2n ljdx 2 n+i °^ 2 n+j A ^ X 3n+i 
"Sxsn+jS'lEn+i^^+i A ^ + dx^+jdxi dX3n+j A Gfe n+i - dx3n f.Q X3n+ .dx 3n+ j A dx 2 n+i 

Let X be the second order differential equation (semispray) given by ((7|). Then we calculate 

= -^ajsM^' + ^sfc^i + x'sgM*^ 

- Xn+l -dj§x-i dx 3 ~ X * dx®dx L 3n+ fidx 2n +i + X 2n+l dx ^ zn+ dxj + X J ^-|^^rfx 3n+l 

y3n+i 9 2 L j _ yn+i d 2 L £. n+ i At -I- V» d 2 L j 

I yii+i d 2 L S n+ i At _ yn+i 9 2 L j _ yn+i d 2 L X n +3 Ay 

dx^dx^n+i^n+t A dx n+j dx x aX ™+3 A 8x n+3 ;dx 3n+i °n+i aX 2 

I y2n+i d 2 L ^ , j^n+i d 2 L S n+: >.dx\ ■ — X 3n+i — <jx 

~^ 2n+i &^fe^^2n^ ^ + ^ l a E2n +J a:n+i da; 2n+j + dxL+jdxt S 2nXi dx n+i 

yn+i d 2 L j _ y-2n+i d 2 L c2n+j , y2n+i d 2 L j 

A dx 2n+j dx i aX ^+J A dx 2n+J dx 3n+ ,°2n+i aX 2n+i + ^ ar 2n+i & 3 „ +l ax 2n+j 

I y2n+t 9 2 L c2n+j r _ y3n+i d 2 L J _ y3n+i d 2 L f3n+j 1 

dx 2n+j dx 2n+l °2n+i aX 3n+i A dx 2n+] dx 2n+i aX ^+j A dx 3n+j dx n+l °3n+i aX i 

I yi 8 2 L 1 1 y3n+t d 2 £ g3n+j 7 _ y n +i 8 2 L j 

dx 3n+j dx n+i aX3n +J dx^+jdx^Sn+iUXn+r A dx . in+]dXi a X 3n+3 

V 3n+i d 2 L X 3n +3rl~. 1 y2n+i d 2 L Arv , , y 3n+t d 2 L %3n+j 1 

A dx 3n+ jdx 3n+i °3n+i aX 2n+i + A dx3n+jdx3n+i aX 3n+j + A dx 3n+j dx 2n+l °3n+i « x 3«.+i 

_ yZn+i d 2 L j 

flr, 1 fl T , , M^Sn+j- 

^• L Zn+j tJ x 2 n + t J 

Since the closed quaternion Kahler form on (M, V) is the symplectic structure, it is 
found 

Ef = V F (L) — L — X i 1 ^- - X n+i l± + X 2n+i j^ I 3n+! ^ L 



c 2n+i 
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and hence 



jpF _ yi d 2 L j _ yn+i d 2 L j , y2n+i d 2 L j _ y3n+i d 2 L i 
Li oxjOx n+i J axjOXi J dxjdx 3n+i J 0XjOX2 n +i J 

I Y i d 2 L rl^r ■ — 9 2 L r _|_ y2n+i d 2 L j _ y3n+i d 2 L r 

~ Br i Br i u - v n+3 yi Br , Br- n +3 Br , rlri , • UJ, n+J yl Br , flro i ■ UJ, n+J 

i yi 9 2 L ^ yn+i d 2 L j , y2n+i d 2 L j y3n+i d 2 L i 

dxo j. dx , aX 2n+j ~ dxo ,. dx ^^2n+j T ^ BxVT~8xTT' aX2n +J ~ dxo ^ -dxo , aX 2n+j 

i d 2 L ^ yn+i d 2 L a„ , y2n+i d 2 L j„ y3n+t <9 2 L j 

dx* , dx , ax 3n+j — ^ « x , , - ttx 3n+j T ^ a a ax 3n+ j — v\ „ „ ax 3n+ j 

— ^LlAt- — —QL—rl'r ■ — 9L Jr, ■ — ® L r\^r- 

Using ([1]), we find the expression as follows: 



yi d 2 L j I yi *9 2 L j _ yi 9 2 L j , yi <9 2 L j 

Br Br J Br Br n +3 Br Bri , - udj 2n+j T Br Bro ux 3n+j 

yn+i <3 2 L j , yn+i <9 2 £ -J„ _ yn+i *9 2 £ -J„ 
I yn+i <9 2 L _ y2n+i <9 2 L j , y2n+i 9 2 L j 

t JX n J r jUX2n+z J UX2n+j ( ~'X n -\- z -J UX2n+j<JX l <* 

y2n+i d 2 £ j , y2n+i 9 2 L j„ _ y3n+i d 2 L i 

dx 2n+ jdx 3n+ i " l ^J dx2n+jOX2„ +i olb ^J dx 3n+j dx n+i J 

I ^Y 3n +^ ^ 2j ^ dx ■ — ^Y 3 n+i 9 2 L j _|_ ^y3n+i 9 2 -L ^ 

dx 3n+j dxi n +i dx 3n+j dx 3n+i 2n +3 dx 3n+ jdx 2n+i 3n +J 



If a curve given by a : i? — > M is considered to be an integral curve of X, then we obtain the 



equation given by 

yi d 2 L J _ yn+i d 2 L J _ y2n+i d 2 L J _ y3n+i d 2 L J 
dxjdx n+i J dx n+ jOx n+i J dX2n+jOx„ +i J dx 3n+ jdx n+i J 

I yi d 2 L j | yn+i 9 2 L j , y2n+i d 2 L j , y3n+i d 2 L j 

~ Br Br n +3 ' Br , Br n +J ' Bm , Br n +J ~ Br-, , Br n +J 

■yi 8 2 L _ -yn+i d 2 L ^ _ y2n+i d 2 L ^ _ -y3n+i d 2 L ^ 

dxjdx 3n+i 2n +3 dx n+j dx 3n+i 2n +j 8x 2n+ jdx 3n+i 2n +i dx 3n+j 8x 3n+i 2n +3 

~7\ ^ dX'irtA-i ~\~ X 7^ dX'iriA-i ~\~ -X 7^ dx^^A ~\~ ~T{ ^ dXln-L-j 

dxjdx 2n +i on ^J dx n+j dx 2 „+i °' l ^J dx 2 „+jdx2 n +i on ^J dx 3n+ jdx 2n +i 

+ §x~~dxj + q® dx n+ j + dx 9 dx 2n +j + d f dx 3n+j = 0, 
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alternatively 

-\X \ d l L + X"+ i 7r -^| + X 2n + i ir ^± + X^+'j-^ }dx i + j^dx, 

L dxjdx n+i dx n+ jdx n+i dx2„+jdx n+i dx 3n+j dx n+i i J dxj J 

I \X i d 2 -^ _|_ \^n+i d 2 L , j^2n+i d 2 L , jrSn+i d 2 L l j , 9L ^ 

L dxjdxi dx n +jdxi dx2 n +jdxi dxs n +j 

L dxjdx2„+i dx„ + jdx 2 n+i dx2n+jdx 2 „+i dx 3n+j dx2„+i' 3n +i <9z3n+j 3n + J 



Then we have the equations 



8 I dL \ dL _ n 8_ dL \ , 9L _ n 



St ^dx; J dx n+i ' St y& n+i J dxi , , 

{°) 

d ( dL \ dL _ n 8_ I dL \ _ dL _ n 



St ySx2„+; y Sx3»+j ' 9* \Si3 n+ ; / Sx 2n +i 

such that the equations calculated in (jSJ) are named Euler- Lagrange equations constructed on 
para-quaternionic Kahler manifold (M,g, V) by means of and thus the triple (M, is 
called a mechanical system on para-quaternionic Kahler manifold (M,g, V). 

Secondly we introduce Euler-Lagrange equations for quantum and classical mechanics by 
means of $^ on para-quaternionic Kahler manifold (M,g, V). 

Take G . It is another local basis element on the para-quaternionic Kahler manifold 
(M,g, V). Let X . It is the semispray in (JTj). In the case, the vector field determined by 

V G = G{X) = X' 1 —^- X n+i — — + X 2n+i ^- - X 3n+i 9 



dX2n+i dx^n+i dXi 9x n +i 

is Liouville vector field on the para-quaternionic Kahler manifold (M, g, V). The operator given 
by El = Vg(L) — L is energy function. Then the function %q induced by G and given by 

r 

iau)(Xi,X 2 , X r ) = u(Xi, GXi, X r ) 

i=l 

is vertical derivation, where lo G A r M, Xi € x(M). The vertical differentiation do is given by 

d G = [i G ,d] = i G d- di G 



where d is the usual exterior derivation. Since taking into consideration G, the closed para- 



quaternionic Kahler form is the closed 2- form given by $^ = —dd G L such that 

d d d d 
d G = ^ dxi - dx n+i + — dx 2n +i ~ p d 3n+i : J*(M) — >■ A 1 M. 

OX2n+i 0%3n+i OXi OX n +i 

Then we get 

®l = ~ dx^dx 2n+i dx i A dxi + dXj d 9 ^ 3n+ . dxj A dx n+i - d ^.Q X .dxj A dx 2n+i 
+ dx%x n+i dx i A dx 3n+i — dXn f j9x2n+i dx n+j A dxi + dXn f. dx . in+ .dx n +j A dx n+i 
~ dx^+jdxidxn+j A dx 2n +i + dx n fjdx n+i d x n+j A dx 3n+i — dX2n ®. dX2n+ . dx 2n +j A dXi 

+ dx 2n l J dx 3n+ , dX2n +0 A ~ dxL+jdxi dx ?n+j A dx 2 „+i + dx2n d +j a Xn+l d X 2n+j A efe 3n+i 

a 2 L 



dx 3n+J dx 2n+t dx 3n+j A rfXi + dx3n f.g X3n+ . dx 3n+j A dx^+jdx, dx 3n+j A cfo 2 n+J 

Considering ([7]), it holds 

= _x« ffd^ + X % f L dx 7 - + X i 7 -^^b\dx n+i 

L dxjdx 2 n+i 1 dxjdx 2n +i J dxjdx 3n+i i 

-X n+l Q^Q^dxj - X 1 ^r-§ x -fidx 2n +i + X^+'g^-dxj + X 1 Qx a ^^b\dx 3n+i 

y3n+i d 2 L j _ yn+i d 2 L A" +3 V/t- -I- Y i d 2 £ fir 

H-r Ht , 3 r>-r , r)xn , ■ W+i » ' rl-r , , ■ 1+1 

UXjUX n J rl (JX n +jUX 2rl + l '(•T^t (7X^^^(7X2^+1 J 

I yn+t 8 2 -L yn+i d 2 £ y-n+^ <9 2 L X^+jj 

^ & n+j ax 3n+1 «+* aX ™+' ^ cten+j&Ean+i A dx n+J dx l °n+i aX 2n+i 

I Y2n+i d 2 L j I yn+< 8 2 L y3n+t d 2 L j 

^ dx n+j dxi aX n+j -TSl d x n+j dx n+l °n+i aX 3n+i ^ dx n+J dx n+i aXn +3 

-X 2n+l dx2n ®.g X2n+z 5 2n Xi dx i + X '' 1 dx^~§x^~ dx ' 2n +3 + dx 2n +jdx 3n+l 5 2n+l dx n+i 

yn+i d 2 L j v 2n+i d 2 L r2n+j r . y-2n+t d 2 L ^ 

_A 9x 2n+J & 3 „ +! d;r2 «+i - A ari^Tj^i 2n+i .,(7x/'-' ^- / 

I y2n+i 9 2 L \2n+j r _ y3n+i d 2 L j _ y3n+i d 2 L S 3n+J rl^ 

dx 2n+J dx n+l °2n+i aX 3n+i ^ dx 2n+j dx n+i aX ^+3 A dx 3n+J dx 2n+1 ° 3n+i aX i 

dx 3n+j dx 2n+i dx 3n+j + X dx 3n+j dx 3n+i ^3n+i dx n+i X dx 3n+j dx 3n+i dx3n +3 

-X 3n+l q x ~~~q x ~ 5llXldx 2n+i + X 2n+l dx3 9 n+ L jdx dx 3n+j + X 3n+t dx J +j L dXn+i 5llXldx 3n+i 

_ ySn+i d 2 L j 

r)ro i f)r i u,L 3n+j- 
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Since the closed para-quaternionic Kahler form $^ on M is the symplectic structure, it 
follows 



V G (L) — L = X 1 



dL _ -yn+i 9L + X 2n+i^_ _ X 3n+i 9L 

dx 3n+i ' d%i dx 



dx 



— L, 



2n+i 



n+i 



and thus 



J-pG _ yi d 2 L j _ yn+i 8 2 L j , y2n+i d 2 L j _ y3n+i d 2 L j 
L c)xjdx2n+i ■> dxjdx 3n+i J dxjdxi J dxjdx n+i J 

I yi d 2 L j _ yn+i d 2 L j , y2n+i d 2 L j _ y3n+i d 2 L j 

^ Br i y)ti i ^ Br i Bra i ■ Uxl "n.+j ~r a n UrX n +j fl r . a r , . ""^n+j 

"'"^ <9x2„+ji9x2„+i d%2n+j X 8x2n+jdxzn+i d x 2n+j : + X 8x2n+jdx i ( ^ ,X ' 2n +i ^ 8x2 n +jdx n+i ( ^ X ' 2n+ 3 

I yi d 2 L j _ yn+i 8 2 L J _i_ y2n+i d 2 L J _ y3n+i 8 2 L J 

Bri i 3t, , . u,x 3n+j ^ p T „ . "^Sn+j ~r a .a r . u " i '3n+i' yv ,f) T , . . . ux 3ti+i' 

— ^LlAt — -J>L—rl>v — 9L At — 9L rlv 

dx j Ud '3 dx n+j UXn +] dx 2n +j 2n+ 3 8x 3n+j ux ?>n+y 

By means of ([1]), we find 

yi d 2 L j I d 2 L j yi d 2 L j _i_ d 2 L j 

Br Br^ , J Br Bro , X n+7 ^ a™ . 2n+ j ~T f)„ Br , . """.Jn+j 

yn+i d 2 £ ^ . i yn+i 2 L j _ yn+i 9 2 -L j 

I yn+i 8 2 L j _ y2n+i 8 2 L j , y2n+i d 2 L j 

y2n+i d 2 L j , y2n+i d 2 L j _ y3n+i 8 2 L j 

Br^ 1 Br ^ n +3 ' 8m , Br , . aJj 3n+j a T „ .a™„ UXj 

' 8x 3n+:j dx 3n+i n +3 dx 3n+j dxi 2n +i "T" 8x 3n+ j8x n+i on+j 

+ ^7^ X i + 8x n+j dXn+j + Bx d 2n+J d%2n+j + Qx 3n+j ^ X 3n+j = 0. 
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If a curve, given by a : R — > M, is an integral curve of X, then we present 

yi d 2 L j _ yn+i 3 2 L j _ y2n+i d 2 L j _ y3n+i d 2 L j 

0XjdX2n + i OX n+ jClX2n + i ■> dX2n+jdX2n+i J dx 3n+ jdX2„+i ■> 

I yi d 2 L j , yn+i 9 2 L j , y2n+i 9 2 L j , y3n+i 9 2 L j 

<9 2 L j _ y«+i 9 2 L j _ y2n+i d 2 £ j _ y3n+i <9 2 L j 

^ dxjdxi 2n +3 ^ dx n+j dxi 2n +i ^ dx 2n+j dxi 2n +j ^ dx 3n+j dxi 2n +0 

~ l_ dxjdx n+i 3n+j T &, l+J (9x n+ i 3n+j "T 9x 2 „+ :) '9x n+ i 3n+jf T 9x 3n+ j9x n+i 3n+j 

+ + di^~dx n+ j + d f 2n+ . dx 2n +j + df 3n+j dx 3n+ j = 0, 

or 

-[X* f L + X n+i j-^± + X 2n+i ^-^ + X 3n+i 7r -^± ]d Xj + ^dx, 

L dxjdX2„+i dx n+ jdx2n+i ox2„+jdx 2n +i dx 3n+j dx 2n +i' J dxj J 

L dxjdxzn+i 8x n+j dx 3n+i dx 2n +jdx 3n+i dx 3 „ +j dx 3n+i i n +3 dx„ +j n +j 

\X i ® 2l + X n+i ® 2l + X 2n+i ® 2l + X 3n+i d 2 -^ ~\dx ■ + ® L dx 

I- dxjdxi ' dx n+j dxi ' dx^n+jdxi ' dx 3n+j dxii 2n+j T Q X2n+ . 2n+j 

I \X* ® 2 ^ + X n ^~ i h X 2nJri ® 2 ^ h _y3n+i d 2 L ]dx + —^—dx = ( 

L dxjdx n+i dx n+j dx n+i dx2„+jdx n+i dx 3n+ jdx n+i i 3n+j 9x 3n+ j 3n+j 

Then the equations are obtained: 

d ( dL\ 3L _ g d_ f 8L \ _|_ 3L _ n 



dt \dxi J dx2 n +i ' dt \dx n+i J dx 3n+i ' . . 

8 ( 8L \ dL _ n 9. / \ _ 9L _ n 



dt ydx2n+i J dxi ' dt \3x 3n+i J 8x n 

Hence the equations introduced in are named Euler- Lagrange equations constructed by 
means of $^ on para-quaternionic Kahler manifold (M, g, V) and hence the triple (M, X) 
is said to be a mechanical system on para-quaternionic Kahler manifold (M,g,V). 

Thirdly, we present Euler-Lagrange equations for quantum and classical mechanics by means 
of on para-quaternionic Kahler manifold (M,g, V). 

Let if be a local basis element on the para-quaternionic Kahler manifold (M, g, V). Consider 
X given by (j7]). So, Liouville vector field on the para-quaternionic Kahler manifold (M,g,V) 
is the vector field determined by 
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V H = H{X) = X* — — — — + X n+i — — + x 2n+l -^— + X 3n+i ^-. 

The function given by = Vh{L) — L is energy function. The operator ijj induced by H and 
given by 

r 

ihuj(Xi, X 2 , ...,X r ) = 2J co(Xi, HXi, ...,X r ), 

i=i 

is named vertical derivation, where u G A r M, X{ G x(M). The vertical differentiation dn is 
given by 

du — [i>H) d] = ^nd — din, 

where d is the usual exterior derivation. Taking H , the closed para-quaternionic Kahler form 
is the closed 2-form given by $|f = —dd H L such that 

d d d d 
d H = ^ dxi + cfe n+i + dx 2n +i + T—d 3n+i : 3F(M) -> A X M. 

OXsn+i OX2n+i 0%n+i dXi 

Then we find 

= 7fr~8rl ~dxj A cfej « q ~dxj A dx n -\-i « n r ~dxj A dx 2n +i 

V't j u^jn-^x uXjUX 2n J r i vx j ux n -L. t 



)t At . ^ dX3 n +i a a dX n +j A (fej „ „ 

J 1 Ultj n+3 u,lj on-{-i ux n -L.jUX z 



E n +jdx n+i ^ Xn +0 A dx 2n +i dx^ +j dxi^ Xn +j A dx 3n+i dxzn+jdxan+id^n+j A cfej 



Jfi ^ . A d x &1 

%+j dx 2n +i 2n+ 3 n+l dx 2n+j ax n+i -"j ax 2n+ jc 



' d Xl2n+j dx 2n+i dX2 n+i A dx ^+i ~ dx 2 ®+!dx n+l dX2n +i A dX2n+i ~ dxin+jdxi^^+J A dx 3 n+i 



dxzJljdx^+d^n+j A dXi dx3n ^dx2n+i dX3n +^ A ^ Xn+i dx 3n d +J dx n+1 dx 3n+j A ^2n+i 



<9 2 £ J™ a J™ <9 2 L 



' dx3 n+J dxi dx ^ n +i A ^ X 3n+i- 



Using (J7|), we calculate 
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i x m = -x \ f L 6{dxi + X \ f L dxj - X \ 9 * L 6{dx n+i 

L dxjdx 3n+i i * dxjdx 3n+i J dxjdx 2 „+i 1 

+Xn+l dx 3 a te 2n +i dX 3 ~ X ' dxjdx n +fi dX2n+i + X2n+l dx%x n+l dX 3 ~~ Xl ~dj§x~fi dx 3n+i 

I v3n+i d 2 L j yn+i d 2 L zn+j , , y 8 g 2 L j 

^ d Xj dxi aX J ^ dx n+j dx 3n+l °n+i aX t ^ A dx n+j dx 3n+i aX n+J 

yn+i d 2 L XP+O rfr \ yn+i d 2 L j yn+i d 2 L A ra+J V/^r,. 

^ a:r n+j to2 n+l ™+i aX ™+^ ^ dx n+j dx 2n +i n+ 3 dx n+j dx n+i °n+i ax 2n+* 

I y2n+» 8 2 L j _ yn+i d 2 L yH-jj i y3n+i d 2 L i 

dx n+j dx n+l aXn +0 ^ dx n+j dxi U n+i ax 3n+i "I" ^ dx n+j dxi ux n+j 

-X 2n+l dx2n °.Q X3n+ . dx i + Xl dx 2 Ji j dx 3n+ dX2n +i ~ dxtJljdxin+i S 2n+i dx n+i 

+ Xn+l dx 2n ljdx2 n+l dX2n +i ~ ^ 2n+l &^fe+7^2n+i^2n+i + X 2n+l dx2 f +j Q Xn+i dx 2n +j 

y2n+i d 2 L X 2n +J A™ i V3n+i d 2 L j„ _ y3n+i d 2 L X 3w +i^ 

^ ax 2n+j & l 2r i +i ttX 3n+i + ^ dx^+jdxi aX 2n+j ^ dx 3n+] dx 3n+t °3n+i aX i 

I yi 8 2 L .J- _ y3n+t d 2 L X 3n +J^ i yw+i d 2 L » 

_ X 3n +l __JL|_ 5f n %{dx 2n+i + ^ 2n+l ^J|^-^3n+i ~ ^ 3 " + * dxHJjdxt S &£ ^Sn+i 

Since the closed para-quaternionic Kahler form $^ on M is the symplectic structure, it i 
obtained 

E¥ = V H (L) — L — X i T ^- + X n+i jr^- + X 2n+i j^- + X 3n+i |^ - L. 

n.\ j dx 3n+i ax 2n+i ax n+i dx t 

Thus we get 



dE? = X \ f L dx, + X n+ * f L dxj + X 2n+ \ 9 l L dxi + X^^-dxj 

L, dxjdx 3n+i J dxjdx 2n+i J dxjdx n+i J dxjdxi J 

I yi d 2 L 7 _|_ yn+i d 2 L j , y2n+i d 2 L j , y3ra+i d 2 L j 

~ fl-r , St, , . u "* J n+3 T yy a~ .a . ""^n+i ~ ^ v , a T , . ""^n+i ~T~ yy d-r , d-r- n+i 

~\~X^~^ dXon-L'l ~\~ X n ^ 7^ dXon-l-'i ~\~ X 2n ^ 7^ K dx?ri-±-i ~t~ X^ n ~^~^ 7^ — dXon-i-i 

dx 2n+j dx 3n+i za ^J dx 2n+j dx 2n+i zrl ^J dx 2n+ jdx n+i ^ n ^J dx 2n+j dxi *' L ^J 

+X * dx 3n ljdx 3n+l dx 3n+j + X n+l dX3n ®.g X2n+t dx 3n+j + X 2n+t dX3 f + .Q Xn+i dx 3n+j + X Zn+l dx ^ dx dx 3n+j 

— §lLArr _ 9L j _ dL i _ dL r 

dxj aX J dx n+] aJjn +3 dx 2n+j UX2n +3 dx 3n+j Ud -3n+j- 



IS 
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Using P]), we calculate the expression as follows: 



yi d 2 L J _ yi d 2 L J _ yi d 2 L J _ yi d 2 L J 

dr dvi i 3 dr i9to i • u " L n+j dr dr , - udj 2n+j yv dr dr ^ n +3 

yn+i d 2 L j _ yn+i d 2 L j _ yn+i d 2 L j 

dx n+j dx 3n+i J dx n+j dx2n+i ^ J dx n+ jdx n+i Z '^J 

yn+i d 2 L j _ y2n+i d 2 L j _ y2n+i d 2 L j 

S\. r\ i-i vAiiAJ 'Xvi _|_ > -/V i-i r\ \Aj\Xj -l ^/\. i-i i-i iAJ if) I n 

dx n+ jdxi on-TJ dx 2 n+jdx 3n+ i J dx2n+jdx 2 „+i n ^J 

y2n+i d 2 L J _ y2n+i d 2 L j _ y3n+i d 2 L J 

dx2n+jdx n+i Z '^J dx 2 „+jdxi on-rj da; 3n+ jCte 3n+ i J 

y3n+i d 2 L J _ yZn+i d 2 L J _ y3n+i d 2 L J 

dx 3rl+ jda;2n+i dx 3n+ jdx n+i z "tv dx 3n+j dxi oll ^J 

Jr Tit~d x j + di!^~dx n+ j + d ^ + . dx 2n +j + arstfj d x 3n+j = 0. 
If a curve, shown by a : i? — )■ M, is an integral curve of X, then it follows 

yi d 2 L j _ yn+i d 2 L J _ y2n+i d 2 L J _ y3n+i d 2 L J 

dxjdx 3n+i J dx n+j dx 3n+i J dx2n+jdx 3n+i J dx 3n+j dx 3n+i J 

yi d 2 L j _ yn+i d 2 L j _ y2n+i d 2 L j _ y3n+i d 2 L j 

dXjdx^n+i ^ J dx n+ jdx2n+i ^ J dx2„+jdx 2n +i ^ J dx 3n+ jdx 2n +i n ^J 

■\ri d 2 L ^ _ -yn+i d 2 L j _ -y2n+i d 2 L j _ -y3n+i d 2 L ^ 

dxjdx n+i 2n +J dx n+ jdx n+i 2n +j dx 2 „+jdx n+i 2n +3 dx 3n+j dx n+i 2n +i 

yi d 2 L j _ yn+i d 2 L j _ y2n+i d 2 L j _ y3n+i d 2 L j 

Sr 3t 3n +i dr i ■fi T . Uj - L 3n+j yv a™„ a„ . u -^3n+j a r _ .a_ "»^3n-|-j 

~^§x~dXj + d ® n+ . dx n+ j + Q^-dx 2n +j + dx & 3n+j dX3n+j = 0, 

or alternatively 

-[X ^ f L + X™+ J ^^ + X 2 " +i ^ — ^ + X 3 "+ J ^ — ^ + g-dxA 

dxjdx 3n+i dx n+ jdx 3n+i dx 2 „ + jdx 3n+i dx 3n+j dx 3n+i i J dxj J 

\yi d 2 L _|_ -\rn+i d 2 L , -y2n+i d 2 L , y3n+i d 2 L \dx ■ + ® L dx 

I- dxjdx 2n +i dx„ + jdx 2 „+i dx 2n+ jdx2„+i dx 3n+ jdx 2n +i' n+J fen+j n+:? 

I- axj&n+i dx n+j dx n+i dx 2n+ jdx n+i dx 3n+ jdx n+i ' 2n+j 9x 2 „+ :) ' 2n+j 

L dxjdxi dx n+j dxi dx 2 n+jdxi dx 3n+ jdxj 3n+j ax 3n+ j 3n +i 

Then we obtained the equations 



JL I Ml) — 9L =o @- ( 9L ) — 9L = 

• It \dXi J d.r :i „ j , ' ^ & . j / '''J'.'t+i ' (10) 

d I dL \ dL _ n d_ ( dL ) _ Ml — C\ 



9t \ dx2n+i J dx n+i ' dt V 9x 3n+i / 
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Thus the equations introduced by ffTUl) infer Euler- Lagrange equations constructed by means of 
$^ on para-quaternionic Kahler manifold (M,g,V) and then the triple (M,^,X) is named 
a mechanical system on para-quaternionic Kahler manifold (M,g, V). 



4 Hamiltonian Mechanical Systems 

Here, we present Hamiltonian equations and Hamiltonian mechanical systems for quantum and 
classical mechanics constructed on para-quaternionic Kahler manifold (M, g, V*). 

Firstly, let (M,g,V*) be a para-quaternionic Kahler manifold. Suppose that an element 
of para-quaternionic structure V*, a Liouville form and a 1-form on para-quaternionic Kahler 
manifold (M, g, V*) are shown by F*, Xf* and uf*, respectively. 

Consider u F * = \{xidxi + x n+i dx n+i + x 2n+i dx 2n+i + x 3n+i dx 3n+i ) . Then we have X F * = 
F*(up*) = \{xidx n+i — x n+i dxi + x 2n+i dx 3n+i — x 3n+i dx 2n+i ) . It is concluded that if $>p* is a 
closed para-quaternionic Kahler form on para-quaternionic Kahler manifold (M, g,V*), then 
is also a symplectic structure on para-quaternionic Kahler manifold (M, g, V*). 

Take X. It is Hamiltonian vector field associated with Hamiltonian energy H and deter- 
mined by (|7j). 

Then 

$ F * = -d\ F * = dx n+i A dxi + dx 3n+i A dx 2n +i, 

and 

i x $ F , = $ F , (X) = X n+i d Xi - X*dx n+l + X 3n+i dx 2n+i - X 2n+i dx 3n+i . (11) 

Furthermore, the differential of Hamiltonian energy is obtained by 

JTT 3H , <9H , dU , <9H , 

dH = j—dxi + dx n+i + dx 2n+i + dx 3n+i . (12) 

OXi OX n +i OX 2n +i OX 3n +i 
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With respect to 02]), if equaled ffTTj) and ffTiZj) . the Hamiltonian vector field is found as follows: 

x _ _ <9H d + <9H d _ dH 9 + <9H 9 

dx n +i dxi dxi dx n +i dxz n +i dx2 n +i dx2 n +i dxz n +i 

Assume that a curve 

a : I C R -»■ M 
be an integral curve of the Hamiltonian vector field X, i.e., 

X(a(t)) =a, t e I. (14) 

In the local coordinates, it is obtained that 

Ct(t) {x% , X n -\-i , X2n+i i 2-3ra+i) 



and 



dt dxi dt dxyi+i dt dx2n-\-% dx^ n ^ 



Taking (|T41) . if we equal (03} and (USD, it holds 

fix, <9H <ix n +i <9H dx2n+i dH dx^ n+ i <9H 



(16) 



<it <9x n+i ' <it dxi ' (it <9x 3n+ j ' dt dx 2n +i 

Hence, the equations introduced in ([TBI) are named Hamiltonian equations with respect to com- 
ponent F* of para-quaternionic structure V* on para-quaternionic Kahler manifold (M,g, V*), 
and then the triple (M, $ ^» , X) is said to be a Hamiltonian mechanical system on para- 
quaternionic Kahler manifold (M, g,V*). 

Secondly, let (M, g, V*) be a para-quaternionic Kahler manifold. Assume that a component 
of para-quaternion structure V*, a Liouville form and a 1-form on para-quaternionic Kahler 
manifold (M, g, V*) are denoted by G*, Ac* and Uq*, respectively. 
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Take u G * = \{xidxi + x n+i dx n+i - x 2n+i dx 2n+i - x 3n+i dx 3n+i ) . Then we calculate \ G * = 
G*(u G *) = \(xidx2n+i — x n+i dx 3n+i — x 2n +idxi + x 3n+i dx n+i ). It is well-known if $ G * is a closed 
para-quaternionic Kahler form on para-quaternionic Kahler manifold (M, g, V*), then <3>g» is 
also a symplectic structure on para-quaternionic Kahler manifold (M,g, V*). 

Let X a Hamiltonian vector field related to Hamiltonian energy H and given by (J?]). 

Taking into consideration 

$ G „ = -d\ G * = dx 2 „+i A dxi + dx n+i A dx 3n+i , 

then we calculate 

i x <S> G * = $ G * (X) = X 2n+i dx { - X i dx 2n+i + X n+i dx 3n+l - X 3n+l dx n+l . (17) 



According to (J2J), if we equal (jl2]) and fELTl) . it yields 

^ _ 3H 9 + 8H d + <9H 9 _ 3H 9 

dx 2n +i dxi dx 3n +i dx n +i dxi dx 2n +i dx n +i dx 3n +i 

Taking (TH]) : (EES]) and ( IPS1) are equal, we find equations 

dxi dii dx n+ i <9H dx 2n+ i <9H dx 3n+ i dH 



(19) 



dt dx 2n+ i ' dt dx 3n+i ' dt dxt ' dt dx n+ i 

Finally, the equations found in (fl9l are called Hamiltonian equations with respect to component 
G* of para-quaternionic structure V* on para-quaternionic Kahler manifold (M, g, V*), and then 
the triple (M, $ G » , X) is named a Hamiltonian mechanical system on para-quaternionic Kahler 
manifold (M,g,V*). 

Thirdly, let (M, g, V*) be a para-quaternionic Kahler manifold. By H*, X H * and uh* , we give 
a element of para-quaternion structure V*, a Liouville form and a 1-form on para-quaternionic 
Kahler manifold (M, g,V*), respectively. 
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Let u H * = l(xidxi + x n+i dx n+i - x 2 n+idx 2n+ i - x 3n+i dx 3n+i ) . Then we find \ H * = H*(u H *) = 
^(xidx 3n+i + x n+i dx2n+i — x 2n+i dx n+i — x 3n+i dxi). We know that if is a closed para- 
quaternionic Kahler form on para-quaternionic Kahler manifold (M,g, V*), then is also a 
symplectic structure on para-quaternionic Kahler manifold (M, g,V*). 

Let X a Hamiltonian vector field connected with Hamiltonian energy H and given by (J7j). 

Calculating 

$h* = -d\ H * = dx 3n+i A dxi + dx 2n +i A dx n+i , (20) 

we have 

ix<$>h* = ®h* (X) = X 3n+i d Xi - X'dx^+i + X 2n+i dx n+i - X n+i dx 2n+i . (21) 



With respect to ([2]), we equal (fl2jl and (12TT) . we find the Hamiltonian vector field given by 

«9H d dn d OH d 3H d 

X = 1 1 . (22) 

dx 3n +i dxi dx 2n +i dx n +i dx n +i dx 2n +i dx^ dx 3n +i 



Considering ( fl4l) . ( 1151) and ( 1221) are equaled, it yields 

dxj _ <9H dx n+i _ <9H dx 2n+i _ dH dx 3n+i _ <9H 
dt dx 3n+ i ' dt dx 2n+ i ' dt dx n+ i ' <i£ ctej 

In the end, the equations introduced in (|2"5|) are named Hamiltonian equations with respect to 

element H* of para-quaternion structure V* on para-quaternionic Kahler manifold (M, g,V*), 

and then the triple (M, , X) is called a Hamiltonian mechanical system on para-quaternionic 

Kahler manifold (M, g, V*). 

5 Conclusion 

From above, Lagrangian mechanical systems have intrinsically been described taking into ac- 
count a canonical local basis {F, G, H} of V on para-quaternionic Kahler manifold (M, g, V). 
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The paths of semispray X on the para-quaternionic Kahler manifold are the solutions Euler- 
Lagrange equations raised in ([8]), (Q and (flOj) . and introduced by a canonical local basis 
{F, G, H} of vector bundle V on para-quaternionic Kahler manifold (M,g, V). 

Also, Hamiltonian mechanical systems have intrinsically been described with taking into 
account the basis {F*,G*, H*} of para-quaternionic structure V* on para-quaternionic Kahler 
manifold (M, g, V*). The paths of Hamilton vector field X on the para-quaternionic Kahler 
manifold are the solutions Hamiltonian equations raised in (Tl6|) . (fT9|) and ( )23|) . and obtained by 
a canonical local basis {F*,G*, H*} of vector bundle V* on para-quaternionic Kahler manifold 
(M,g,V*) 

Lagrangian and Hamiltonian models arise to be a very important tool since they present 
a simple method to describe the model for mechanical systems. One can be proved that the 
obtained equations are very important to explain the rotational spatial mechanical-physical 
problems. Therefore, the found equations are only considered to be a first step to realize how 
para-quaternionic geometry has been used in solving problems in different physical area. 

For further research, the Lagrangian and Hamiltonian mechanical equations derived here 
are suggested to deal with problems in electrical, magnetical and gravitational fields of quantum 
and classical mechanics of physics. 
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